I. INTRODUCTION
Magnetic self-organization in the reversed-field pinch 1 (RFP) occurs in discrete relaxation events as a result of the nonlinear interaction of magnetohydrodynamic (MHD) fluctuations. Parallel current is preferentially driven in the core due to the magnetic winding of the RFP. The driven current profile provides a large source of free energy for core-resonant m = 1 tearing modes, 2 resistive instabilities that bend and reconnect magnetic field lines. These tearing modes saturate nonlinearly by coupling to edge resonant m = 0 modes and by redistributing the parallel current density through dynamo electric fields that result from correlated plasma fluctuations. In driven plasma pinch configurations like the RFP, relaxation often occurs quasi-periodically as the inductive drive and resistive di↵usion gradually rebuild the peaked current density profile. 3 Measurements on the Madison Symmetric Torus 4 (MST) RFP also show changes in the plasma momentum density profile as another result of the discrete current relaxation events. 5, 6 The coupling of current relaxation and momentum evolution is not predicted with the single-fluid MHD model, but extended MHD e↵ects provide at least a qualitative description of this coupling.
Here, we examine how plasma fluctuations redistribute parallel current density and parallel flow during discrete relaxation events in single-and two-fluid numerical models of relaxation dynamics with and without ion gyroviscosity, a first-order ion finite Larmor radius (FLR) e↵ect. Our primary goal is to understand the coupling between the current density and plasma flow during relaxation. This e↵ort builds on previous numerical results which demonstrate changes in plasma flow associated with current relaxation within an extended MHD model. 7 Our computations are run with greater dissipation than those in Ref. 7 , allowing simulation through multiple discrete relaxation events with three di↵erent models. Importantly, we find substantial di↵erences between the dynamo electric fields during the initial relaxation event and subsequent events in our computations with extended MHD e↵ects. The di↵erences have significant implications for the coupling of current relaxation and flow evolution. Additionally, changes in axial and angular plasma momentum are observed with two-fluid models, and we diagnose both the source and the causes of the resulting radial transport.
Early analytical work identified the possibility of dynamo electric fields from correlated fluctuations of velocity and magnetic field, what is known as the single-fluid MHD dynamo, DṼ ⇥B E . 8 Helically symmetric MHD computations and comparison to Kadomtsev's sawtooth model clarified the nonlinear dynamics of isolated, tearing-driven magnetic islands in RFP configurations. 9 Subsequent studies highlight the importance of the MHD dynamo in quasi-linear analysis 10 and in 3D nonlinear computations. 11 The characteristic reversed-field state can be described by fluctuationinduced turbulence 12 and by reconnection of a magnetic island associated with an edge-resonant tearing mode that is driven nonlinearly by the core-resonant modes. 13 Other numerical studies highlight the importance of nonlinear a) Presently at Los Alamos National Laboratory, Los Alamos, NM 87545, USA; Electronic mail: jpsauppe@lanl.gov b) Electronic mail: csovinec@wisc.edu interaction and find that the redistribution of current is mediated via three-wave coupling between core-resonant and edge-resonant tearing modes. 14, 15 Experimental measurements on MST substantiate the fluctuation-induced MHD dynamo during relaxation. Correlation of probe-measured magnetic and electrostatic fluctuations shows MHD dynamo activity of su cient strength to sustain edge parallel current in early MST discharges. 16 Edge magnetic field fluctuations correlated with chordal spectroscopic measurements of velocity fluctuations also indicate significant contributions from the single-fluid MHD dynamo in the core. 17 Optical probe measurements find that the substantial contributions to MHD dynamo in the edge vanish near the reversal surface, 18 and this suggests the existence of an additional dynamo mechanism.
The possibility of non-MHD dynamo e↵ects is evident when examining the generalized Ohm's law:
Here, the marker ⇤ e is inserted to indicate where two-fluid e↵ects enter the generalized Ohm's law; ⇤ e = 0 for singlefluid MHD while ⇤ e = 1 for two-fluid models. The Hall dynamo is identified as the result of correlated fluctuations of current density and magnetic field,
DJ ⇥B E / hni e. 19 Nonlinear computations utilizing this extended MHD Ohm's law find significant contributions from both MHD dynamo and Hall dynamo in single-helicity 20 and multi-helicity 7 conditions. Correlated fluctuations of density and electron temperature gradients may provide an additional dynamo electric field, 21 but this e↵ect is found to be negligible in the computations presented here. The electron inertia term provides a resonance condition for the whistler wave at the electron cyclotron frequency, and it is included here to limit the range of temporal scales as spatial resolution is increased. 22 It also allows collisionless reconnection when the tearing layer approaches the electron skin depth, 23,24 but this is not measured to be significant in our computations.
Measurements on MST find that the Hall dynamo is negligible compared to the MHD dynamo near the plasma edge. 25 However, significant contributions to Hall dynamo electric field from the core-resonant tearing mode are identified using laser Faraday rotation, and the contributions are interpreted as being localized near the resonant surface. 26, 27 More recent probe measurements near the plasma edge find Hall dynamo electric field that is large near the reversal surface, 6 where MHD dynamo is observed to vanish. 18 Development of a deep insertion probe allows a radial reconstruction of the Hall dynamo electric field across a much larger portion of the outer radius, and recent results indicate that the Hall dynamo electric field has regions of greater magnitude at smaller radii. 28 Correlated fluctuations of current density and magnetic field also appear in the plasma momentum equation,
as a Lorentz force density, and two-fluid e↵ects naturally couple the current and momentum evolution. Experimental measurements of the Hall dynamo and associated Lorentz force density near the edge during relaxation find it is nearly balanced by the fluid response through the force density from Reynolds stress. 6 However, significant changes in plasma momentum density parallel to the large-scale magnetic field are observed at the discrete relaxation events. The changes are in the direction of the Lorentz force density, as might be expected for a system where magnetic energy density dominates. A previous computational study demonstrates the two-fluid coupling of current and flow evolution during relaxation, and it reproduces the balancing between the fluctuation-induced Lorentz force density and fluid response with net changes in plasma flow in the direction of Lorentz force density. 7 In Ref. 7 the current density is parallel to the magnetic field, J · B > 0, and the change in parallel current density and the change in parallel flow in the core are in opposite directions during the examined relaxation events. However, standard operation of MST has J · B < 0, and the experimental results of Ref. 6 find that relaxation-induced changes in parallel current density and parallel flow in the core are in the same direction. This is observed to hold in ensemble-averaged experimental results, regardless of the sign of J · B. As described in Sec. III D, reversing the sign of J · B in the computations still results in the relaxation-induced change in parallel current density opposing the relaxation-induced change in parallel flow during the first relaxation event of a simulation.
The remainder of the paper is organized as follows. In Sec. II, we introduce the extended MHD models used here and describe the initial and boundary conditions for our computations. Computational results are presented in Sec. III, and we focus primarily on the dynamo electric fields, plasma flow evolution, and changes in total axial and angular momentum during relaxation. A brief discussion and concluding remarks are given in Sec. IV.
II. EXTENDED MHD MODEL

A. Modeling
We investigate plasma relaxation dynamics numerically with the NIMROD code, which is used to solve extended MHD systems of equations. 22, 29 The magnetic field is advanced using Faraday's law without displacement current, as appropriate for the low-frequency dynamics under investigation here,
and the electric field is given by Eq. (1). A divergence cleaning term is needed in the magnetic field advance, as the NIMROD representation does not satisfy r · B = 0 identically. 29 However, Ref. 30 shows that the residual numerical error does not appreciably a↵ect the computations presented here. When solving Eq. (2) for flow velocity, the anisotropic stress tensor in our computations consists of a simple viscous term and the Braginskii gyroviscous term:
Here, the marker ⇤ i is used to indicate where ion FLR e↵ects enter the system; ⇤ i = 0 when they are excluded and ⇤ i = 1 when they are included. The collisional viscosity is modeled as ⇧ iso = ⌫m i nW, where W = rV + (rV)
T 2 3 I (r · V). Ion FLR e↵ects enter the system at the same order as the extended MHD e↵ects in Ohm's law if the ions are not cold, and they can be included to first order via the Braginskii ion gyroviscous stress tensor, 31
whereb ⌘ B/|B|. The continuity equation includes a small artificial di↵usion for numerical stability,
but it does not significantly a↵ect the dynamics of interest here. We model the electrons and ions as being at fixed fractions of a single temperature, T i = f Ti T and T e = (1 f Ti ) T , where f Ti represents the ion temperature fraction. Detailed thermal transport modeling is beyond the scope of this work, so viscous and Ohmic heating are neglected in the temperature advance,
and a simple isotropic thermal conduction is used. We approximate the RFP geometry as a periodic cylinder with minor radius a, axial length L = 2⇡R, and aspect ratio R/a = 3, which roughly matches MST. NIMROD utilizes a spectral-element expansion 29 for two spatial directions and a Fourier representation in the third periodic direction. Here, the spectral elements are used for the radial (r) and axial (z) directions, and periodic boundary conditions are imposed in the axial direction to yield a topologically toroidal domain. Regularity conditions are enforced at r = 0, and the boundary conditions enforced at r = a are discussed in Sec. II B. The r z plane is discretized with a rectangular grid consisting of uniformly spaced elements in the radial and axial directions, with basis functions of fixed polynomial degree within each element. All computations reported here have a 120 ⇥ 64 (radial⇥axial) mesh of biquintic finite elements. Convergence has been ascertained, in part, by comparison to computations run with bicubic elements for the same conditions, as discussed in greater detail in Appendix A of Ref. 30 . A finite Fourier series is used to represent the azimuthal (poloidal) angle (✓), and the computations here use 6 harmonics, 0  m  5, where m is the poloidal harmonic number. This poloidal resolution is su cient to capture the dominant low-m activity during relaxation events in the RFP. The magnetic energy in the largest resolved Fourier harmonic (m = 5) is typically 3 orders of magnitude smaller than the energy in the dominant m = 1 component during relaxation events.
B. Initial and Boundary Conditions
Our RFP computations are initialized from a force-free paramagnetic pinch, J ⇥ B| t=0 = rp| t=0 = 0, with finite plasma pressure. The paramagnetic pinch is an Ohmic steady state that is sustained by an externally applied electric field, E| t=0 = V ⇥B| t=0 +⌘J| t=0 , with r⇥E| t=0 = 0. 32 The state includes a small inward pinch flow that is directly proportional to resistivity, but contributions from this term are neglected in the density [Eq. (6)] and velocity [Eq. (2)] advances. As discussed in Sec. III E, this results in an anomalous sink of momentum, but it does not significantly a↵ect the evolution of plasma flow in the core, where the pinch flow is small. Our computations do not include any initial axial or angular flow profile; our focus here is solely on changes in plasma flow associated with the discrete current relaxation events. Small perturbations to the magnetic field and flow that are several orders of magnitude smaller than the axisymmetric fields described above are imposed to excite linearly unstable tearing modes.
No-slip boundary conditions are imposed on the tangential components of plasma flow, and the normal component of magnetic field is held fixed, B ·n| r=a = 0. Dirichlet boundary conditions are applied to the temperature, T | r=a = T | r=a,t=0 , allowing thermal energy to flow into and out of the system at a rate limited by the isotropic thermal conductivity. The artificial density di↵usion allows one to utilize similar boundary conditions for the number density, n| r=a = n| r=a,t=0 , and particles may enter or exit the computational domain at a rate limited by the density di↵usion coe cient.
C. Parameters
Our model system [Eqs.
(1)- (7)] may be parametrized by seven dimensionless physical parameters and two numerical parameters. The characteristic length scale is taken to be the plasma minor radius a. The seven physical parameters are (1) the Lundquist number, the ratio of the resistive di↵usion time and the Alfvén time, S = ⌧ R /⌧ A , where ⌧ A = a p µ 0 m i n/|B| and ⌧ R = µ 0 a 2 /⌘; (2) the magnetic Prandtl number, the ratio of resistive and viscous times, P m = ⌧ R /⌧ ⌫ , where ⌧ ⌫ = a 2 /⌫; (3) the ratio of the viscous and thermal conduction times, ⌧ ⌫ /⌧ = /⌫; (4) the plasma-, the ratio of fluid and magnetic pressures, = 2µ 0 p/B 2 ; (5) the ion temperature fraction f Ti ; (6) the normalized ion skin depth, d i /a = c/! pi a = p m i /µ 0 ne 2 /a; and (7) the normalized electron skin depth, d e /a = c/! pe a = p m e /m i d i /a, which can be varied artificially by changing the mass ratio m e /m i . The two numerical parameters are (1) the ratio of viscous to density di↵usion times, ⌧ ⌫ /⌧ Dn = D n /⌫; and (2) the ratio of divergence cleaning to resistive di↵usion times, ⌧ r·B /⌧ R = ⌘/µ 0 . All computations presented here have a Lundquist number S = 20000, which is roughly 2 orders of magnitude smaller than in the experiment, as limited by computational practicalities. The isotropic viscosity is of the same order as resistivity, P m = 1.0. As an idealization in our computations, both the resistivity and viscosity profiles are essentially uniform; they rise sharply only near r = a. This is in contrast to experiments, where the resistivity increases more gradually as plasma temperature decreases from the core to the edge. The isotropic thermal conduction is one order of magnitude smaller, ⌧ ⌫ /⌧ = 0.1, and it is spatially uniform with no dependence on temperature. The fluid pressure is slightly higher than in the MST experiment, and = 0.10 on-axis. As noted previously, the pressure profile is uniform in our computations to focus on the current-gradient-driven tearing dynamics. However, the ion skin depth is comparable to values inferred in MST, d i /a ⇡ 0.17. The ion and electron temperatures are assumed to be equal, f Ti = 0.5. The electron mass is artificially increased by a factor of 5 for numerical convenience, m e /m i ⇡ 2.72 · 10 3 . Lastly, the numerical parameters for our computations are ⌧ ⌫ /⌧ Dn = 0.1 and ⌧ r·B /⌧ R = 5 · 10 5 .
We consider computations for each of the three sets of dimensionless parameters that are summarized in Table  I . The evolution of magnetic helicity, hybrid helicity, and magnetic energy for these cases is analyzed in Ref. 30 . The first model (A) uses the standard magnetohydrodynamic Ohm's law (⇤ e = 0) and excludes the ion gyroviscous stress tensor (⇤ i = 0). The other two models incorporate two-fluid e↵ects in the generalized Ohm's law (⇤ e = 1). The second model (B) does not include the gyroviscous stress tensor (⇤ i = 0), while the third (C) does (⇤ i = 1). The dimensionless parallel current density, a = aµ 0 J · B/|B| 2 , has an on-axis value of a (0) = 3.88 in all our computations, and this is similar to standard operation of the MST experiment which has 4  a (0)  3. 
III. RESULTS
A. Global Evolution
Our computations display multiple discrete relaxation events during the nonlinear evolution, as indicated by the highlighted regions in Fig. 1 . The upper plot for each computation shows the field reversal parameter, F = hB z i r=a / hB z i vol , the average toroidal field at the wall of the device divided by the average toroidal field over the volume, and the lower plots show the evolution of the largest magnetic fluctuation energies, normalized to the initial axisymmetric magnetic energy. Relaxation events in our computations are characterized by an increase in the level of field reversal and a high level of magnetic fluctuation energy in multiple helical components. The increase in depth of reversal is a characteristic of experimental relaxation events, 4 and measurements of the magnetic fluctuation amplitudes at the wall of the device 27, 33 show increased activity during relaxation, similar to our volume-integrated magnetic energies. Each event typically ends with a peaking of magnetic energy in the edge resonant m = 0 modes as the m = 1 mode energies begin to fall o↵. Each computation begins from the perturbed paramagnetic pinch state and evolves into a saturated quasi-singlehelicity 34, 35 (QSH) state dominated by the fastest-growing core-resonant m = 1, n = 6 mode. The initial relaxation event disrupts this QSH state once additional tearing modes grow to appreciable amplitude. We identify the beginning of the first event as when the slower-growing modes contain approximately 5% of the energy of the dominant mode. In the single-fluid MHD computation, the QSH state persists for about 2500 ⌧ A . That period is shorter for the extended-MHD computations. In the absence of drift e↵ects, two-fluid e↵ects enhance linear tearing growth rates, relative to resistive-MHD, when the resistive layer width is smaller than the ion sound gyroradius, ⇢ s = p /2d i . 36, 37 This e↵ect can shorten the time it takes for the other linearly unstable modes in cases B and C to compete with the m = 1, n = 6 mode. However, warm-ion gyroviscous e↵ects representing r|B| and poloidal-curvature drifts reduce tearing-mode growth rates. 20 That the QSH state persists for only 1100 ⌧ A in case B and slightly longer, 2000 ⌧ A , in our case C is, therefore, consistent with the tearing growth-rates from the di↵erent models. The end of the relaxation event is determined when the field reversal parameter reaches a minimum. The initial relaxation events in our computations here are qualitatively consistent with the initial events reported in Ref. 7 .
Following the initial event, the magnetic energy in the fluctuations remains at a modest level in a multi-helicity state. Subsequent relaxation events occur from these conditions and are identified, in part, based on significant nonlinear correlations evidenced through dynamo activity. These events typically begin when core-resonant modes again grow to appreciable amplitude. Nonlinear coupling between these modes and the edge resonant m = 0 modes drives higher n modes, and the parallel current density is redistributed from the core region to the edge region, flattening the gradient and reducing the source of free energy. The relaxation events end with a peaking of magnetic energy in the edge resonant modes and a rapid reduction in energies of the core modes.
Before proceeding further, we first draw a distinction between the subsequent events identified in our computations and those of Ref. 7. In the subsequent events identified in that work, the m = 0 amplitude remained small, a fact that was attributed to a lack of nonlinear drive rather than a direct result of gyroviscous stabilization. In the subsequent events we have identified here, we find significant nonlinear drive of the m = 0 mode and consequently larger changes in field reversal parameter. Our case C computation is comparable to the two-fluid computations discussed in Ref. 7 ; the largest di↵erences are that our computation is run at S = 20000 instead of S = 80000, and it has greater spatial resolution. The second large-scale relaxation event in our case C computation occurs nearly 4000 ⌧ A after the initial event, roughly 1/5 of a resistive di↵usion time, which for S = 80000 corresponds to 16000 ⌧ A . The computation of Ref. 7 is run out for 8000 ⌧ A , so it is possible that subsequent large scale relaxation events would also be observed at later times in that case.
B. Dynamo Electric Fields
Current density is redistributed through dynamo electric fields parallel to hBi, and here we examine their behavior in the initial and subsequent events of our three computations. The MHD dynamo has a consistent radial structure in all of the relaxation events in our single-fluid MHD computation (case A), as can be seen in Fig. 2 , which shows the dynamo electric fields in the first and second relaxation events. (The third event is similar in character to the second and is not shown here.) The solid lines show the temporal average over the duration of the event, while the shaded regions indicate the standard deviation. The MHD dynamo is negative in the core and positive near the edge, changing sign near r/a ⇠ 0.5, and acting to flatten the parallel current profile in each event. In the subsequent relaxation events, the amplitude of the MHD dynamo is roughly twice as large as it is in the initial event. This correlates well with the larger changes in the parallel current density profile, evident in the ⌘ hJ J| t=0 i k term, and the increased depth of reversal observed in these later events.
The two-fluid Hall dynamo is comparable in magnitude to the MHD dynamo in our computations that include two-fluid e↵ects in the model. In the absence of ion gyroviscosity (case B), the two-fluid Hall dynamo is largest in the initial relaxation event and the fourth event, shown in Fig. 3 . In the other relaxation events, the Hall dynamo has considerable temporal variation, and the averages over the relaxation events remain small. Both MHD and Hall dynamos are large during the first and second relaxation events in our two-fluid computation with ion gyroviscosity (case C), as can be seen in Fig. 4 . The third relaxation event in case C is significantly weaker, evident in the smaller drop in field reversal, although the dynamo electric field structure is comparable to the second event.
In the first relaxation event of both two-fluid computations, the MHD dynamo and Hall dynamo act to flatten the parallel current profile, each being negative in the core and positive near the edge. This behavior is in qualitative agreement with previous two-fluid computations that also find the two dynamo e↵ects acting constructively during the initial event. 7 However, in some of the subsequent relaxation events in our computations, most notably in the fourth relaxation event of case B and in both subsequent events of case C, the two dynamo e↵ects oppose each other. The MHD dynamo always acts to relax the parallel current profile, and the Hall dynamo is found to sometimes oppose this relaxation, although it remains weaker in amplitude. Consequently, in all cases, the total dynamo acts to relax the parallel current profile, and hJi k is always positive in the core for these negative-computations. As described in Sec. III D, the dynamo competition in the core region results in hJi k and hVi k being in the same direction, consistent with experimental measurements. The dynamo activity in the edge region (0.5 < r/a < 1) of all events tends to alternate over r between the two e↵ects to relax the parallel current profile there. Possible causes of the dynamos acting in opposition are addressed in Sec. III C.
The sum of the MHD and Hall dynamos can be expressed in terms of an electron fluid velocity,
To the extent that non-ideal terms in the generalized Ohm's law [Eq.
(1)] remain small, the magnetic field can be considered to be frozen into the electron fluid. It is interesting to note that in all of the relaxation events of our two-fluid computations, this sum is found to be very similar to the MHD dynamo from our single-fluid computations. That is, radial variations in the Hall dynamo and MHD dynamo in our two-fluid computations appear to complement each other in such a way that the total dynamo is similar to the dynamo from single-fluid MHD. Lastly, note that dynamo terms involving density fluctuations in the Hall term are also possible in our two-fluid model,
However, we find that the di↵erence between the total [LHS of Eq. (9)] and the first term on the RHS of Eq. (9) is less than 1% in our computations. The second term on the RHS of Eq. (9) may have a larger e↵ect if a realistic pressure profile, with more significant hJi ? , is used.
C. Dynamo Opposition
Hall and MHD dynamo e↵ects acting in opposition in some subsequent relaxation events in our two-fluid computations results from several factors. First, all subsequent relaxation events have significant contributions from additional modes that are not active during the initial relaxation event. As noted previously, the initial event disrupts a quasi-single-helicity state, which is dominated by the m = 1, n = 6 mode, while the subsequent events occur from multi-helicity conditions that are believed to be more representative of conditions prior to most events in conventional RFP experiments.
This distinction can be readily seen in Figs. 5 and 6, which show the modal decomposition of the dynamo electric fields averaged over representative relaxation events in our cases B and C, respectively. In the first event of both two-fluid computations, the MHD and Hall dynamo electric fields are dominated by contributions from just the coreresonant m = 1, n = 6 mode with minor contributions from the m = 1, n = 8 mode. However, in the subsequent events, there are additional large contributions to the dynamo electric fields from both the m = 1, n = 5 mode and the m = 1, n = 7 mode. Importantly, the contributions to the Hall dynamo from these two modes are often found to oppose current relaxation in the core, and this is at least partially responsible for the change in sign of the total Hall dynamo.
We also find that core Hall dynamo opposition to MHD dynamo in subsequent events is strongly correlated with reduced m = 1, n = 6 magnetic energy and correspondingly smaller contributions to the Hall dynamo. In our twofluid computation with ion gyroviscosity, the Hall dynamo is opposed to the MHD dynamo in both of the subsequent relaxation events. The magnetic energy in the m = 1, n = 6 mode in the second event is ⇠ 23% of the maximum in the first event, and it is ⇠ 12% in the third event. Contributions to the Hall dynamo in the core from the m = 1, n = 6 mode drop significantly in these subsequent relaxation events. In contrast, in our two-fluid computations without ion gyroviscosity (case B), dynamo opposition is only observed in the fourth relaxation event, where the m = 1, n = 6 mode magnetic energy peaks at roughly 26% of its maximum in the quasi-single-helicity event. In the second and third events of this computation, the m = 1, n = 6 mode magnetic energy is significantly larger, being 44-45% of the initial event, and there is a correspondingly larger contribution to the Hall dynamo from this mode.
The smaller amplitudes of the m = 1, n = 6 mode magnetic energies in our case C computation may be attributed to gyroviscous stress. Its e↵ect on linear growth-rates is greatest for intermediate values of k⇢ s , as kinetic Alfvén wave tearing becomes predominant at higher k. 20 Our computations have a flat pressure profile, and the magnetic energy density decreases with radius, so ⇢ s increases with r/a. Combining this with the increasing k as the safety factor profile falls o↵, we find that k⇢ s becomes much larger and the gyroviscous stabilization becomes much less important as we move from core to edge. However, a more realistic pressure profile, with decreasing ⇢ s , might at least partially compensate the increasing k, resulting in more gyroviscous stabilization for modes resonant near r/a ⇠ 0.5. 
D. Flow Profile Evolution
As discussed in Sec. I, the Hall dynamo also manifests as a Lorentz force density in the plasma momentum equation. In our single-fluid MHD computations, the Hall dynamo is excluded from the model, and the fluctuation-induced Lorentz force density associated with the relaxation dynamics is weak. This is in agreement with previous single-fluid results reported in Ref. 7 . In our two-fluid computations we find significant Lorentz force density associated with the current relaxation dynamics, as can be seen in Figs. 7 and 8 , which show the radial structure of the axisymmetric force densities averaged over the relaxation events in cases B and C, respectively. In all of these events in our two-fluid computations, the Lorentz force density has essentially the same radial structure as the Hall dynamo, di↵ering only by hni. The Lorentz force density provides the largest contribution to parallel flow evolution during relaxation, but we also find a significant force density from Reynolds stress, h m i nV · rVi k , which is an inertial e↵ect, in agreement with both previous computations 7 and experimental measurements. 6 The Lorentz force density precedes the fluid response in both the core and the edge in our two-fluid computations without ion gyroviscosity, as evident in Fig. 9 , and in our two-fluid computations with ion gyroviscosity, Fig. 10 . The Lorentz force density also tends to be larger in magnitude, and changes in the parallel flow velocity tend to follow the radial structure of this term. Thus, the Lorentz force density drives the momentum density evolution as a result of the magnetic relaxation, and the inertial response arises primarily to counter this drive.
The intrinsic flow profile that appears in experiment between the relaxation events is believed to result from transport e↵ects that are beyond the scope of our model. Nevertheless, the current relaxation dynamics are well represented, and we expect that changes in the flow profile associated with the current relaxation events are also captured in our two-fluid computations. The parallel flow profiles at the onset and end of relaxation, as well as the change over the relaxation event, are shown in Figs. 11 and 12 , for our two-fluid computations without and with ion gyroviscosity, respectively.
The parallel flow generated in the core during the initial relaxation event in both two-fluid computations is in the opposite direction of experimental measurements, which are inferred from Fig. 4(a) The flow-profile evolution is markedly di↵erent in subsequent relaxation events of our computations where the MHD dynamo acts to flatten the parallel current density profile and the Hall dynamo acts in opposition to it. There, the relaxation-induced change in the parallel flow profile is more consistent with experimental observations, namely that changes in parallel plasma flow in the core are in the same direction as changes in parallel current density in the core.
Lastly, we note that our two-fluid computations have a much larger fraction of kinetic energy in flows that are perpendicular to the magnetic field, rather than parallel to it. 30 To lowest order in the ion skin depth, two-fluid variational theories predict a relaxed state with flow that is completely parallel to the magnetic field. 38 However, our computations, previous computational work, 20 and two-fluid variational theories carried out to higher order 39 indicate that perpendicular flows are also significant during relaxation.
E. Momentum Transport
The total axial and angular momenta increase during relaxation events in our two-fluid computations, as can be seen in Fig. 13 , whereas both remain relatively small in our single-fluid MHD computation. The momentum density, p ⌘ m i nV, in our computations evolves according to
where we have neglected small terms associated with the equilibrium pinch flow and density di↵usion. The evolution of the axial momentum inside radius r (for 0  r  a) is obtained by integrating theẑ projection of Eq. (10) volume of the cylinder of radius r:
Similarly, the evolution of the angular momentum inside a finite volume is found by integrating the r✓ projection of Eq. (10), taking care to include the geometric variation of✓. The evolution of the total axial and angular momentum, P z (r = a) and P ✓ (r = a), in our computations is shown in Fig. 13 . The Maxwell and Reynolds stresses are associated with radial transport of momentum, and total axial and angular momentum are conserved, apart from viscous coupling with the boundary (neglecting the small numerical e↵ects) in our computations. The change in total axial momentum during relaxation events in our two-fluid computations results from viscous and gyroviscous coupling to the boundary, and axial momentum is transported radially inward through the large Maxwell stress, as can be seen in Fig. 14 and Fig. 15 . These figures show the axial momentum flux [terms in Eq. (11)] as a function of radius in case B and case C, respectively. Here, a positive term implies inward radial transport of momentum, while a negative term implies outward radial transport. In case B, viscous coupling to the boundary is responsible for nearly all of the axial momentum injected during relaxation, with additional small contributions from numerical e↵ects. A thin boundary layer exists near r/a . 1 in our computation with ion gyroviscosity, as the viscous and gyroviscous stresses compete with each other near the edge, but total axial momentum still increases during relaxation. The Maxwell stress peaks near r/a ⇡ 0.7 and transports axial momentum further inward. In both computations the Reynolds stress generally opposes the Maxwell stress across the profile, but the magnetic relaxation is dominant, and the total axial momentum flux follows the Maxwell stress. Similar behavior is observed for the angular momentum flux.
Note that the flux of axial momentum is inward in the core region, r/a . 0.3, during the subsequent relaxation events shown here. The axial momentum is essentially the same as the parallel momentum in the core, where the magnetic field is nearly axial. The increase in core plasma flow parallel to the magnetic field during the subsequent events in our computations is directly related to the inward radial transport of axial momentum via the Maxwell stress in these events.
The equilibrium pinch flow, neglected in Eq. (10), acts as an anomalous momentum sink, and it becomes slightly more significant during later events when momentum has been injected into the system. In the initial relaxation event in both two-fluid computations approximately 10% of the axial momentum that is transported radially inward by the Maxwell stress across r/a = 0.7 is dissipated by this term. In the fourth relaxation event in our case B computation, this anomalous di↵usion removes roughly 17% of the axial momentum transported by the Maxwell stress across r/a = 0.7, and it dissipates roughly 22.5% of the axial momentum transported across r/a = 0.7 by the Maxwell stress in the second relaxation event of our case C computation. However, as mentioned previously, the equilibrium pinch flow scales as ⇠ 1/S, and this term is expected to be much less significant at more realistic parameters. 
IV. CONCLUSIONS
Our single-and two-fluid computations display multiple discrete relaxation events during the self-consistently modeled nonlinear evolution, and macroscopic features, such as rapid drops in field reversal and magnetic fluctuation activity, are qualitatively consistent with experimental observations. In all relaxation events, the parallel current density profile is flattened through the action of fluctuation-induced dynamo electric fields. Two-fluid computations show significant contributions from the two-fluid Hall dynamo in addition to the standard single-fluid MHD dynamo. However, the sum of the MHD and Hall dynamos,
DṼ
e ⇥B E , in our two-fluid computations appears similar to the MHD dynamo,
DṼ ⇥B E , in our single-fluid computations. We infer that the energetically accessible relaxed states (quantified by F ) are su ciently similar in the di↵erent models that the net dynamo e↵ects that relax the dominant magnetic energy profiles are similar. Nevertheless, the decoupling of electron and ion dynamics allowed by the two-fluid e↵ects leads to significanty di↵erent e↵ects on the subdominant kinetic energy evolution.
The initial relaxation event in each simulation disrupts a QSH state, and in our two-fluid computations both the MHD and the Hall dynamo act to flatten the parallel current density profile. The corresponding Lorentz force density generates plasma flow in a direction opposite to the change in parallel current density, in agreement with the previous results of Ref. 7 , but in contradiction to experimental observations. Subsequent relaxation events occur from multi-helicity conditions and are believed to be more representative of typical relaxation events in conventional RFP experiments. When the Hall dynamo opposes the MHD dynamo, the Lorentz force density generates core plasma flow in the direction of the change in parallel current density, in qualitative agreement with experimental observations. Whether events that terminate QSH states in experiments follow the behavior of the first events in our simulations can be tested by isolating the relevant data.
Dynamo competition in subsequent events is attributed to increased contributions from additional modes and a decreased contribution from the core-resonant m = 1, n = 6 mode. We note that dynamo competition is observed more consistently in our computation with ion gyroviscosity, while in our computation without ion gyroviscosity, it is only observed during a relaxation event when the energy in the dominant m = 1, n = 6 mode is smaller than it is during other events. We speculate that gyroviscous stabilization of the core-resonant m = 1, n = 6 mode may aid in reducing that mode's contribution to core Hall dynamo, possibly altering the net Hall dynamo e↵ect.
The variability of competition vs. cooperation between the two dynamo e↵ects during relaxation events needs further study. Experimental measurements rely on ensemble averages of many similar relaxation events, and this averaging precludes a direct comparison to a single experimental event. In principle, it is possible to average over many relaxation events in two-fluid computations, but this is not done here owing to the small sample sizes. As longer two-fluid simulations become more practical, more informative statistical analyses can be applied.
Changes in axial and angular plasma momentum occur during our two-fluid computations and are associated with the discrete current relaxation events. We identify the cause as viscous and gyroviscous coupling to the boundary, and the inward radial momentum transport occurs through the fluctuation-induced Maxwell stress. We do not expect the viscous coupling to be representative of net momentum injection in the experiment. Investigation of the relevant physical e↵ects that are active near the wall of the experiment awaits future modeling developments.
